JOURNAL OF APPROXIMATION THEORY 3, 343-361 (1972

Rational Approximation and n-Dimensional Diameter*
Harorp Winom

Department of Mathematics, University of California, Santa Cruz, California 95060
Communicated by Samuel Karlin

Received September 8, 1969

DEDICATED TO PROFESSOR J. L. WALSH ON THE OCCASION OF HIS 75TH BIRTHDAY

1. INTRODUCTION

Any function, analytic on an open set {2 in the extended complex plane,
can be uniformly approximated by rational functions on each closed subset
of £2. This is one version of the Runge approximation theorem. There arises
naturally the question of how well such approximations can be effected. It is
this question, and some related matters, that form the subject of this paper.

To set things up precisely, let 4 denote the set of those functions f which
are analytic in £ and satisfy | /| <{ 1 there. For each fe 4, and for each
closed set K C £, let

ro(f) = inf max | f(z) — RGz), ()

where R runs through ail rational functions of degree (number of poles in
the extended plane) at most n. Finally, let

Fn = SUp ry(f).
fed
Thus, #, is a measure of how well the functions in A can be approximated
by rational functions of degree n.

Runge’s theorem asserts that the rational functions of approximation
may be taken to have poles lying outside £2. Thus, we also define quantities
7x(f) and 7, , analogous to r,(f) and r,, , but where the rational functions R
appearing in (1) are required to have their poles outside £.

Another measure of how well functions of 4 can be approximated on K
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is the n-dimensional diameter of A considered as a subset of the space of
continuous functions on K. This is defined as

d, = inf sup dist(f, E,).
E, fed
Here E, runs through all n-dimensional linear spaces of continuous functions
on K and the distance is taken in the metric

dist(f, g) = max | f(z) — g(2)]. @

Thus d, is a measure of how well functions of 4 can be approximated on K by
functions from some #-dimensional space of continuous functions. We shall
see that for # large a certain space of rational functions gives almost as good
approximations as any space.

The main result of this paper is that with some mild restrictions on K and
£ we have

lim r;/n — lim Fln lim d:;/n — e—l/C(K,S?)
where C(K, £2) is the Green capacity of K relative to 2. This capacity is
defined to be least upper bound of u(K) for all nonnegative Borel measures p

supported on K and satisfying
[ 0dp <1, zeQ.

Here g(z, {) is Green’s function for £.

We should mention that g(z, {) exists only if 682 has positive (logarithmic)
capacity. However if 9£2 has zero capacity then A consists only of constant
functions (any bounded harmonic function on £2 may be extended to be har-
monic on the entire extended plane [7, Theorem I11.29] and so is constant),
so for any K we have r, = 7, = d,, = 0. We may assume therefore that 982
has positive capacity.

Particular cases have been previously established in different forms.
Erokhin [2] showed that if 2 is simply connected and K is a continuum
then lim d¥* is the reciprocal of the modulus of the doubly connected
domain Q2-K. In certain cases where {2 and K are bounded by finitely many
analytic Jordan curves Levin and Tichomirov [5] expressed lim 42" and
lim 72" in terms of the flux across appropriate curves of the harmonic
measure of K with respect to £2-K. See also [8, Chap. IX] for upper bounds
on 7, in certain cases.

The limiting behavior of d, for large n gives an asymptotic formula for the
entropy of A4 with respect to the metric (2). The e-entropy H(A4) is the loga-
rithm of the smallest number of sets of diameter at most 2¢ which cover 4.



RATIONAL APPROXIMATION AND #n-DIMENSIONAL DIAMETER 345

Then

lim dl/n — e—l/C(K,.Q)

n—>w
implies

lim -4 H(4)

€0 (log 1)2 = C(K, Q).

See [35, section 5] or [6, p. [64].

The lower bound for d, is obtained, interestingly enough. by showing
that a certain Riemann boundary value problems has many solutions. As
far as we know this is the first application of the Riemann problem to approxi-
mation theory.

Another related matter is the following. Let K; and K, be arbitrary disjoint
closed sets (of positive logarithmic capacity) in the extended plane, and set

u min{] R(z)|: z e K;}
P Mmax{| Rz)[: z € Ko}

Sp —

where the supremum is taken over all rational functions of degree n. Let
K’ denote the complement of K, . Then it is known that

, -
s, <en,c(l(z.KL) 3)

(See [4] for the case where K, and K, are continua and the inequality stated
in a different form; see [9] for the general case.) We shall show here that the
constant C(K, , K;') is best possible in the sense that

Iim Sl/n — el.v’C(Kg.Kl ). {3_)

H—

2. SoME Basic Facts

We list here some facts about the capacities C(K, £2) that we shall need later.

(a) There is an equilibrium measure p on K satisfying
wK) =1
u,(2) = j g O dp() < 1/CIK, Q), zef.

(b) This pis supported on Q2 and u, = 1/C(X, £2) on each open subset
of K.
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(c) If {K,} is either a decreasing sequence of closed sets with inter-
section K or an increasing sequence of closed sets with union X, then

Li_?}o C(K,, 82) = C(K, £2).

(d) If{Q,}is either an increasing sequence of open sets with union £2 or
a decreasing sequence of open sets with intersection £2, then

lim €K, 2,) = C(K, Q).

Facts (a)-(c) are well-known properties of general capacities. (See, for
example, [1].) Moreover, we shall show below (see the remark following
Lemma 4 in section 5) that if K’ is the complement of K and £ of £, then

CK, Q) = C(@, K).

Thus (d) follows from (c).

3. UprpPER BouUNDS

In this section we obtain upper bounds for r, , 7, and d, . The main tool
is the following lemma. Recall that £ is called regular if, for each { € 2,

lim (z, ) = 0.

It follows from Harnack’s inequality that this then holds uniformly for {
belonging to any closed subset of 2.

LemMmA 1. Suppose £ is regular. Then given ¢ > 0 we can jfind an open
set 2, , satisfying KC £, C 2, C 2 and whose boundary is a finite union of
rectifiable Jordan curves, such that for each sufficiently large n there is a rational
Junction R, of degree n and having all poles outside 82, for which

|R@)| > e,  z2¢%
| R(z)] << e /O sk

Proof. Let K, be a closed subset of 2 whose interior contains K and
such that

CK; . 2) < CK Q) +e &)
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That such a K; exists follows easily from {(c). Denote by p; the equilibrium
measure for Kj as in (a), so that

mED) =1, [ g 0 dpm(D) < 1K, , @)
and, by (b),
@ D dm® = el »,  zek. ©

By the regularity of 2, we can find £, satisfying K; C 2, C 0, C 2, and
whose boundary is a finite union of rectifiable Jordan curves, such that

8z <e (0K, zed. 7}

We know from (b) that p, is supported on 0K, . Moreover, it is the weak
limit of discrete measures. Therefore, we can find a finite set of points
{; € 0K, , and constants «; satisfying

a; = 0, 2o =1, 8
such that
| [e@ Ddm@) — Tz L) | <<, zek. ©)

If 4, denotes harmonic measure on 92 then g(z, {) has the representation

8z, 1) = log 57 — [ log 7 dhu(®) + g(c0, D,

(This particular form of the representation assumes oo € £2, which can always
be achieved by a linear fractional transformation.) If {&}} is a finite partition
of 982 which is sufficiently fine, and &; € &; , then we shall have
—Hog— L ol
g(Z, g) (log }Z . C Zhl;(“"a) IOg I g [ _t_ g(OO, g)g ! < g

{edk,, ze KU 982, {10
Define
B; = Z Otihc,-(Ej)-
Then
Zﬁa‘:ZO‘iZh;i(Ef):Z@i: 1 (“}
i i i i

since for each {, >,A,(5;) = h(882) = 1.
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Let us now combine (10) with (7), (9), (6), and (5). We obtain

Z & IOg '[_-—'—_" Z IBJ log +——5— [z f [ + Z ‘ng(oo: Cz)

<2, zedf)
(= {CK, )+ e —2, zek.

It is a simple exercise, left to the reader, to show that for each integer n
we can find numbers a; , b; satisfying

la; — o | <y [b; —B; | <nm?t
na; and nb; are all integers

Zai = 1, ij = 1.
(The last uses (8) and (11).) Then if # is sufficiently large, the rational function

R@z) = H (z — L)m,e—m.g(w .20 H (z — )—nﬂ,

which has degree » and poles at the £; € 92 will satisfy
| R(2)| = e~3en, z € 08,
| R(z)| < eBem e n/CiK e, ze K

This is almost the statement of the lemma (with a different ¢, a matter of
no importance). What we have yet to do is extend the lower bound on | R |
from 982, to the complement of £, . But this is automatic, since all the zeros
of Rliein K; C £, .

THEOREM 2. We have

1/n < e—1/c(1c 9) d71‘/n < e—l/C(K,Q).

hm  SUp [ Iin’}aﬂxp
If Q2 is regular,
hm  sup 71/-n < e-—l/C(!? K) (12)

Proof. Assume first that Q is regular and let R be as in the lemma. Take
any fe 4 and consider

_ R@) 7ACS)
F(z) = 2mi Jag, RO — 2) %

zef,
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where 242, is given the usual orientation so that the Cauchy integral formula
holds. The estimates on R give immediately

| F(Z)l < ceme-m/CK@ne  zeK, (13)

where ¢ is a constant depending on the geometry of K and &£, .

But F(z) is just R(z) times the sum of the residues at the poles of the inte-
grand. There is a pole at { = z and poles at the Z;, the zeros of R inside £, .
Consequently, if the multiplicity of {; is m; then there are constant ¢, ,
(I <k << m;) such that

F(z) == f(2) = R(2) ¥ eialz — L)

The last function on the right is rational and has poles among those of R.
It is therefore at most of degree n. In view of (13) we have established the
last statement of the theorem (and also the first for regular £, since r,, <C 7).
Moreover, there are 3 m; < n functions

R(2)(z — {)*

whose linear combinations are the approximants of f. Thus we have also
established the second statement of the theorem for regular $2.

Now assume £2 is arbitrary. We can find an increasing family {£2,} of open
sets, each regular, whose union is £. Since both r, and d,, are not decreased
if one replaces £ by a smaller open set, an application of fact (d) yields the
first two statements of the theorem.

4. LIMITING BEHAVIOR OF s,

THEOREM 3. (4) holds.

Proof. 1n view of (3) we need only establish the lower bound

lim inf 5}/" > ¢!/¢{¥e- 07,

n->w 7
Let  be a regular open set contained in K,' and satisfying
C(KZ > Q) < C(K2 > Kll) ":— €

(such an Q exists by (d)) and apply Lemma 1 with K; as K. Then | R | > e~
outside £, and so in K, , and

iRI < e'—n/CKz.K")-‘.-?E
1~

in K, . The result follows.
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5. Lower BOUND FOR d,

Let p be the equilibrium measure on K satisfying

pE) =1, u@ =g Ddu® < 1CK, Q.
Let £, be any open set satisfying
KCQ,C3CQ
and whose boundary I"is a finite union of rectifiable Jordan curves, oriented

in the usual way for the Cauchy integral formula to hold in £, .

Lemma 4. If @, is the (multiple valued) harmonic conjugate of u,, , then

Ad () = —2m

zel

Proof. Take any { € K and let D be a disc containing { and contained in
£, . Since g(z, {) is harmonic for ze 2, — D,

Aéz D) =AEz D).
r oD
Since g(z, {) + log | z — { | is harmonic in D
Agiz = — Aarglz — ) = —2.
oD oD
Hence

A 5@ = [ AsG D dul) = —2m.

zel zel’

Remark. C(K, @) u,(2) is equal, in £2-K, to the harmonic measure / of K
with respect to £2-K. Therefore the lemma gives

An(z) = —C(K, Q).

zel’

But since I — /is the harmonic measure of £’ with respect to &-K = K'-£2,
and since £, serves for &', K’ as £2, does for K, 2, we deduce

A (1 — k@) = —C(&, K,

zel
where here I' is described in the opposite direction. Thus
CK, Q) = (&, K,

the relation asserted in section 2.
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LeMMA 5. Suppose 2 is a connected open set with finitely many boundary
components none of which is a point, or is a finite disjoint union of such sets.
Let vy, ,..., 7y, be a homology basis for Q2. Then there is a constant M >0
such that for any real numbers «, ,..., o, there is a harmonic function h defined
in Q and satisfying

0 < h(2) < M,

A A(z) = o; (mod 27).

zey;

Proof. We may assume first that Q is connected, and second, since the
problem is conformally invariant, that £ is the region interior to a Jordan
curve C, and exterior to Jordan curves C,,..., C, . If the result holds for
one homology basis it holds for all, so we may assume further that each vy, is
homologous to C; . Choose {; interior to C; and set

m; = dist({; , C,).
For any «; , determine B3; by
0<B <1, 278; = a{mod 27),
and set
h(z) =Y B{loglz — {;| — log m}.

Then h satisfies the conditions of the lemma and has an upper bound 3
independent of the «; .

The lower bound on d,, is obtained by constructing many functions in A
which are not too much larger on £ than on K. We start with
e—n{uu(z)ﬂ‘.ﬁu(z)}
which is

en/CK.2)

times as large on 922 as on K. It is, however, not in 4 for two reasons: it is not
single-valued, and it is not analytic on K. The first difficulty is easily dealt
with by Lemma 5. We assume £2 is of the form described in the statement of
the lemma. Then we can find a multiple-valued function

Y(z) = e-tmatik)
such that
eM L () < 1
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and such that
(p(z) — z[s(z) e—n{uu(z)+iﬁu(z)}

is single-valued in £2-K.

The modification of this function to one analytic also on K, without
changing its crucial characteristic property of being not much larger on £
than on K, is achieved by solving a certain Riemann boundary value problem.
The open set {2, is as defined at the beginning of this section. We take £,
to be the complement of £2; , and as before I" is the common boundary of
£, and 2, .

LemMMA 6. Suppose we can find functions f; (i =1,2), analytic in £
and continuous on £2; , whose boundary values satisfy

[(2) = (@) fil2), zel. (14)

Then the function

_ (=), zelf,
f@) = gcp(z) iz, zef,nQ

is analytic in 2 and satisfies

sup | f(2)] < eMe™C>F max | £(z)!.
zef2 zeK

Proof. The analyticity of f follows immediately from the analyticity of
its constituent parts and its continuity on I". We have

sup [ f(z)| = lim sup | £(2)],

2682 2500

and since £2, is a neighborhood of 2%2 this is at most
lim sup | f(2)!-

(Note that | ¢ | << 1.) Next consider the function

_ {A@/pz), ze£ —K,
g(Z) - f‘z(z)a z EQ—2 ]

which is analytic in K'. At every regular point of 0K the function ¢ has
lim sup at most

eM gn/CIK,2),
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Thus | g(z)| is bounded in K’ and at all regular points of ¢K has lim sup at
most

eMe-n/C(K,.Q)

max | f5(z)].
Consequently, by the maximum principle for subharmonic functions (zee
[7, Theorems III. 33 and IIIL. 28]),

Mew/C(K..Q)

sup | g(2)) < e max | f1(z)|.
z¢K K

oS

In particular,

lim sup | fy(z)] < eMe™ % max | f(2)l,
200

zeK

and this gives the desired result.
We now give a sharp lower bound for d, in certain cases.

THEOREM 7. Suppose 2 is a connected open set with finitely many boundary
components, or is a finite disjoint union of such sets. Then for some constant
a > 0 we have

dn > q e~ niCK.Q)

Proof. Since adding an isolated boundary point to £2 changes neither
d, (by the theorem on removable singularities) nor C(K, £2), we may assume
£2 satisfies the hypothesis of Lemma 5.

It is well known that the dimension of the (linear) space E of sclutions
of (14) is

1

A:27T

A arg ¢(2)

zel

P
o
L

Noanr

= 7177— A arg §i(z) — 5”; A 4,(2).

zel’ zel

See, for example, [3, section 16. 2], where (14) is shown for connected {4
the general case is an easy consequence.
Since ¢ is bounded and bounded away from zero, uniformly in »,

A arg (z)

zel’

is bounded. Therefore an application of Lemma 4 gives

N =n -+ 0(). (16)
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Now let Ey_, be any linear space of continuous functions on K. Then since
E has dimension N, we can find an f'< E satisfying

max [f(@) <1,  dist(f; Ex-o) = L.
(See [6, p. 137].) If we apply Lemma 6 we find that the function

e——Me—n/C(K,.Q) f(z)

belongs to A and has distance to Ey_; at least

e~M o—n/CK.Q)

Therefore,

dyy > oM en/OED),

and in view of (16) this establishes the theorem.

Remark. 1t is clear that the theorem holds for any open set for which
the analogue of Lemma 4 is valid. It is a fact that for any open set we can find
a harmonic function with conjugate having given periods, and so certainly
periods in a given congruence class, but when bounds are needed it is another
matter. There are many infinitely connected domains for which the required
functions can be found, but it is not true for all domains. For example, one
can show that it fails if £2 is the complement of a Cantor set.

We now state a weaker inequality in a more general situation.

TaeEOREM 8. Suppose the complement of 2 has countably many (connected)

components. Then
lim inf d3/" > &™/C(%9,

Proof. Suppose the components of £ are the (open) sets 2,, £,,...,
necessarily countable in number. Finitely many of the 2, say 2, ,..., 2, ,
cover K. Clearly d, for K and £ is the same as d, for Kand &, v - U 2,,,
and

CK, Q) = CK, V- V.

Moreover, any component of (£2, U --- U 2,) contains either a component
of £ or one of the sets 2., , £2,,5,... It follows that (2, U *-- U 2,) can
have only countably many components. Thus we may assume to begin with
that 2 =02, U -V Q,.
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Denote the components of &' by C;, C, ..., and set

Q= (CyU U C,Y.
Since

D) — ‘Ql U U Qn U Cm+1 U Cm—;—z o

and each C; meets some 2; (1 < i< #), each component of Q contains
some £2; . There are therefore only finitely many (at most #) such components.
Thus both 2t and its complement have finitely many components, s¢ 2t
satisfies the conditions of Theorem 7.

Now as m— oo the 2 decrease and have intersection £2. Since 4,
increases with decreasing (2, the statement of the theorem follows from fact {4}
and Theorem 7.

6. Lower BouND FOR 7,

The idea is really not much different from [5, Section 6], where it was
assumed that K consisted of Jordan curves. It is a matter essentially of
applying Rouché’s theorem to prove that if a certain approximation is very
close on K then the approximating rational function has a large number
of zeros and is therefore of large degree. However, in the more general case K
may have no interior and we first have to deduce approximations near X
from those on K, and this is slightly complicated technically.

We shall denote by G(z, {) Green’s function for X', the complement of K.
For any positive Borel measure v on XK' we write

0,(z2) = f Gz, 0) av(0).

LemMA 9. Suppose K has finitely many components none of which is a
single point, let U be an open set containing K, and let €« > 0. Then there is q
8 > 0 with the following property: for any v satisfying (K') = 1 there is an
open set V satisfying

KCvCcvrcCuy,
dist(K, 8V) = 6,

sup v,(2) < e
zedV

Proof. We may clearly suppose K is itself connected, and then, since
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the situation is conformally invariant, we may even assume K is the closed
unit disc. Green’s function for K’ is

G(z, 1) = log | 12‘_ ZZZ | an

We suppose that U contains the disc

lz] < r (r>1.
Define
vz) = | max{G(z, 0), n} dn(0),
so that v, is continuous and
va(2) 71 0(2).
Let
Sy ={z:v,2) 2 e N{z:1 <] z| <)

We concentrate first on the nontrivial case when S, is nonempty. Observe
that since v, is continuous S, is relatively closed in X".

Let S,,* denote the set of radii p for which the circle | z | = p intersects
S, , and let 3,, be the smallest number such that

[1+38,,71CS,*

We shall find a positive lower bound on &, , independent of # and of ».
Let p be the equilibrium measure for the Green capacity C(S,, , K), so that
w is supported on S, ,

uS) =1, [ 6@ D dul) < 1/CES., K.
Then we have
¢ < [ 0@ dul) < [ dp(a) [ Gz, ) dw(d)
= [ ) [ 6z, D dp(z) < 1/C(Sa, K.
Therefore,
(S, , K) < lje (18)

Let
A, =S, N{z:14+e? < |z] <1+ e} k=12,..
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The full interval
[1 + e—2lc, 1 _{_ e—ik-{»l}

belongs to A, * (this has the relation to 4 that 5,* does to S,) if

ko <k <ky,

where
ke = (1 — log r),
1} 2( 5 ) {19}
k, = ¥ log ;.

ko is fixed and we want an upper bound on k; .
Now the ordinary logarithmic capacity of 4, is at least  of the linear

measure of A;* [7, Corollary 6, p. 85], and this is at least a; e 2* where
a, is a positive constant. Hence we can find a measure u; on A, satisfying

r 1 -
‘lbh(Ah) =1, J log —T?:‘ZT d}LL(C) < 2k - log all,

It follows [see (17)] that
|| 6 0 dus dputz) < 2k + 20)

for another constant g, .
Ifzed,,{ed,,; (j>0),then

2] 21 e, (L] <1+ emttbrin,

=1 Dem2(keidtL,

-0 =01 —11!
Since
z—1_ (=&
z— _Z[1+ z - ]
we have
aloed l D e~2k+i+L
Gz, D) <e 2(l+7)+1 4 e L,
. Je—2itl
—2j Z
< e + 1 e—27+1
Therefore
ZEAL? ZEAIC+:"‘

o~

s’
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Let p be the measure

ky

p= 3 k7l
k=k,
on S, . Then
p(Sy) = logk; —ay
and

J] 6 D du = 3, 474 [ ] 662 0 i)

Tey—k

ky
+2 3 k1 Y [[ 6@ D dpras® dpn(D.

Rk,

By (20) and (21) this is at most
a;logk, +ag.
But since C(S,, , K’) is equal to the least upper bound of the ratios

w2 [ | 6 0 du(©) dpta)

taken over all u supported on S, , we deduce
C(S,,K) = a;logk; —ay.
Combining this with (18) and (19) gives
loglog 6;* < age™.

It follows from this bound, and the way &, was defined, that for some
constant 6 > 0 depending only on ¢ there is for each # a p, in

1486 <p, <7
such that

v,(z) < € on [z|=p,.

This was derived under the assumption that S, was nonempty. But if .S, is
empty we simply take p, = r. An application of Fatou’s lemma shows that

v(z) < e on |z|]=p
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for any limit point p of the sequence {p,}. Thus we may take ¥V to be any one
of the discs | z | < p and the lemma is established.

TueoreM 10. Suppose K and the complement of §2 have countably many
connected components. Then

lllilﬁ\lnnf ri/n > e—-l/C(K.a?)’

Proof. 'We consider only the case where K and £ have finitely many
components, none a single point. The general result is deduced as in the proof
of Theorem 8§.

The harmonic measure of 402 in 2-K is at most ¢ in some neighborhood
U of K. This implies, by the maximum principle, that if o(z) is subharmonic
in 2-K and satisfies

o(z) <0
there, then
o)< (1 —¢ lir;r_l> sup o(f), zeU—K (22
Having found U, we let 6 be as in Lemma 9, and set
W = {ze U:dist(z, K) = &}

What follows next is very similar to the construction of Lemma 1., Let
u, once again denote the equilibrium potential for X, so that

pE) =1,  u@ = | 8@ ) dud) < 1CK, Q).

Since g(z, ) is continuous for ze W, { € X we can find poinis ;€ K and
numbers «; satisfying

o; >0, Doy =1
such that
Z o;8(z, £) < 1/C(K, £2) + «, ze W.
Next, given # > 0 we can find numbers g, satisfying
la;— o] <ty Ya=1
such that each na; is an integer. Then for large enough # we shall have

Y oagz {) <YCK, )+ 2, zeW.

640/5/4-2
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If we write

h(z) =}, a:8(z, §)
then it follows from Lemma 5 that we can find

f(z) = e {merifia}
satisfying

e MY <1
such that

F@) = (z) et i)

is single-valued in £, and so belongs to 4. We shall find a lower bound on

rﬂ—l(f)

Let R be a rational function of degree <{ n — 1 such that
max | f(z) — R(2)| = rp(/)-

Denote by £; the poles of R (all lying outside K) and by v the potential
v(z) =3, Gz &)

The corresponding measure », giving measure 1 to each {£;}, satisfies

v(K') < n.

Let us estimate

[f(2) — R(@)| e~

We have, first,
[f@e @ <1, zel-K

Second,
| R@)| e
is subharmonic in K’ and so
[ R@Z)| e™"® < max | Rz} <2, zeK,
if, as we may certainly assume, r,_,(f) << 1. Hence

| f(@) — R(z)| e® < 3, ze — K.
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It follows from (22) that consequently
/(@) — R@) e < 3r, ()i, zeU—K

In particular this holds for ze W.
Let us now apply Lemma 9. There is an open set ¥, containing K and with
oV C W, for which

sup v(z) < en.
ze0V

Then
max | £(z) — R@)| < 3eroa(fY.

However, R has at most n — 1 zeros in ¥ and f has zeros in V of total
multiplicity
Y na; = n.

Therefore by Rouché’s theorem the above maximum is at least equal to
: —M ,—~n/C(K,Q)+2¢
min | f(z)] = e Ve .

Since € > 0 was arbitrary the theorem is proved.
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